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Numerical Solution of the Reduced Navier–Stokes Equations
for Internal Incompressible Flows

Martin Scholtysik,¤ Bernhard Müller,† and Torstein K. Fanneløp‡

Swiss Federal Institute of Technology, CH-8092 Zürich, Switzerland

A space-marching method is developed to solve a reduced (parabolized) form of the three-dimensional steady
Navier–Stokesequationsfor internal incompressible � ows.Finitedifferences anda collocatedvariablearrangement
are used to discretize the equations. The single-pass version of the method involves an approximation of the
streamwise pressure gradient and computes the entire � ow� eld with only one pass through the spatial domain.The
multiple-pass version needs to store the complete three-dimensional pressure � eld but does not approximate the
streamwise pressure gradient.A new scheme to solve the incompressibleNavier–Stokes equations is introduced that
combines a high-order upwind formulation with the concept of a pressure-correction equation. In this approach,
denoted arti� cial pressure diffusion (APD), the time derivative of the Laplacian of the pressure is introduced in the
continuity equation. The modi� ed continuity equation and the unsteady momentum equationscan be solved either
with the segregated approachsimilar to the SIMPLEC method or the fully coupled approachsimilar to the arti� cial
compressibility method. The new computer code is veri� ed on several test cases including the two-dimensional
driven-cavity test case at Re = 1:0 ££ 104. The method is applied to the turbulent � ow in the boundary-layerchannel
of the Institute of Fluid Dynamics at the Swiss Federal Institute of Technology to investigate the effect of late-
ral � ow convergence/divergence. The solution is compared to experimental data and other numerical solutions.

I. Introduction

T HE main objective of the present work is the development
of a computational method to predict internal incompressible

� ows accurately and ef� ciently with the help of a reduced set of
the Navier–Stokes equations. The method should be able to pre-
dict slender internal � ows more accurately than the solution to the
boundary-layerequations, but with less effort than required for the
full Navier–Stokes equations.

The turbulent high-Reynolds-number� ow in the boundary-layer
channel (BLC) of the Institute of Fluid Dynamics at the Swiss Fed-
eral Institute of Technology (ETH Zürich) is analyzed with the new
method. The channel was designed to investigate the effect of lat-
eral convergence/divergence of the streamlines at the edge of the
boundarylayer in the absenceof a streamwisepressuregradient.De-
pending on the chosen � ow direction, the three-dimensionalnozzle
shown in Fig. 1 can be used to generateeither convergent(case 3Dc)
or divergent external streamlines (case 3Dd). The two-dimensional
reference nozzle (case 2Dz) generates a � ow with parallel external
streamlines. Pompeo1 carried out experimental investigations that
were published together with two-dimensionalcomputationsof the
� oor boundary layer in the plane of symmetry.2 The solution of
the � rst-order boundary-layer equations in streamline coordinates
for the cases 2Dz and 3Dd were satisfactory within the expected
accuracy of the simple turbulence model, but the case 3Dc led to
diverging solutions. Also, only a small part of the � ow� eld could
be computed as no lateral boundary conditions could be used. In
contrast, the measurements did not show any kind of irregularityor
diverging behavior. Thomann3 identi� ed the problem as a singular-
ity of the three-dimensional boundary-layer equations for the case
of convergent external streamlines. Scholtysik et al.4 con� rmed his
results with a stability analysis, showing different sensitivities for
� ows with convergent and divergent external streamlines.
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A. Space-Marching Methods
The development of a � ow through a slender channel depends

mainly on geometry and upstream conditions. This type of � ow
can be predicted with a space-marchingmethod. Not all data of the
complete � ow� eld have to be kept in memory, but only a smaller
set for the surfaces orthogonal to the main � ow direction (cross� ow
surfaces). Hence, a substantial reduction of the required computer
memory and a � ner resolutionof the � ow� eld can be achieved for a
given computer. There is no restriction on the � ow in the cross� ow
directions(secondary� ow); even recirculationandseparationare al-
lowed. Three mechanismscan propagate in� uences against the pre-
dominant � ow direction: recirculation, pressure transmission, and
viscousdiffusion.They can lead to a breakdown of the solution (de-
parture solution) if not treated properly.For high-Reynolds-number
� ows viscousdiffusion in the streamwise directioncan be neglected
without introducing large errors (Ref. 5, Chap. 8).

Several reduced forms of the Navier–Stokes equations are
found in the literature, e.g., the parabolized Navier–Stokes equa-
tions (PNS) and the partially parabolized Navier–Stokes equations
(PPNS). Different approaches are used to compute the streamwise
pressure gradient and to treat areas of recirculation. For subsonic
� ows the streamwise pressure gradient has to be forward differ-
enced to get a stable marching method, but the downwind pressure
is unknown a priori. In a PPNS method the solution is obtained
by repeated passes through the computational domain. Only the
pressure is stored in a complete three-dimensional array. Kirtley
and Lakshminarayana6 used a multiple-passmethod to compute the
PPNS equations. The number of global iterations is comparatively
high (up to 200), resulting in computing times similar to ef� cient
conventional full Navier–Stokes computations. In a PNS method
the solution is obtained with a single pass through the computa-
tional domain. Patankar and Spalding7 split the pressure into two
independentparts. The � rst part gives the variation in the cross� ow
surface and is determined by the continuity equation. The second
part represents the pressure drop caused by the viscous resistance
on the boundaries and the axial acceleration caused by changes of
the cross-sectional area. It is determined from the conservation of
mass � ow in the channel. Briley8 added a third contribution to the
pressure.This part representsthe ellipticeffectsin the pressure� eld,
and it is treated as a source term. Briley and McDonald9 presented
a more complicated approach, in which the transversevelocity vec-
tor that corrects a given potential � ow is decomposed into potential
and rotational vector components. Aslan10 solved the compressible
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Fig. 1 Three-dimensional nozzle of the BLC.

PNS equationswith a segregatedmarching procedure.The pressure
is determined from a pressure equation similar to the SIMPLER
method. The momentum equations are transformed to a set of three
equations for the contravariant velocity components. This formu-
lation allows the streamwise and cross� ow velocity components
to be solved separately. A review of the computational techniques
for solving reduced/parabolized forms of the Navier–Stokes equa-
tions is given by Rubin and Tannehill.11 More detailed informa-
tion is given in the textbooks by Anderson et al.,5 Fletcher,12 and
Hirsch.13

B. Methods for Incompressible Flows
As the density variation in the BLC is below 1% (experiments

of Pompeo1 , 2 ), the density is assumed to be constant in the present
work. The � ow equations on a cross� ow surface can be interpreted
as the full two-dimensionalNavier–Stokesequationswith additional
terms arising from the third (marching) direction. As no terms are
neglected in the cross� ow directions,some methods for solving the
two-dimensionalNavier–Stokes equations can be modi� ed to solve
the three-dimensionalPNS equations.

Chorin14 proposedthe so-calledarti� cial compressibilitymethod.
It can be considered as a typical example of a coupled approach.
The continuityequation is modi� ed by adding the time derivativeof
the pressure.This allows a developmentof the solutionby time step-
ping. In steadystate the time derivativeof the pressurevanishes, and
the correct continuity and momentum equations are now satis� ed
up to machine accuracy. Because the modi� ed continuity equation
and the unsteady inviscid momentum equations form a hyperbolic
system, numerical methods for hyperbolic systems can be applied
as for the compressible Euler equations. Rogers and Kwak15 used
a coupled approach with a higher-order upwind discretization of
the inviscid � uxes including the pressureand a second-ordercentral
discretization of the viscous � uxes. Abdallah16 , 17 and Sotiropou-
los and Abdallah18 presented a series of publications on a coupled
approach in which the continuity equation is replaced by a Pois-
son equation for the pressure.The authors report good convergence
properties because of the dissipativenature of the Poisson operator.
However, the continuity equation can be satis� ed only up to a small
error to ensure a smooth solution of the pressure. Dick19 suggested
a coupled approach for steady � ows. In this method the continuity
and momentum equationsare used in their steady-state form. Using
Newton’s method, the system of equations is advanced iteratively
from an initial guess.

The SIMPLE method can be seen as a typical example of a
segregated approach. The method was proposed by Patankar and
Spalding7 in a � nite volume formulation on a staggered grid and
servedas a base for furthervariantsasSIMPLEC20 andSIMPLER.21

This family of schemes has been used for many practical applica-
tions in the last 20 years. A comparison of different variants is
given by Raithby and Schneider.22 Rodi et al.23 presented a sur-
vey on computational methods for complex, incompressible � ows.
The book edited by Gunzburger and Nicolaides24 describes recent
approaches to solve the incompressibleNavier–Stokes equations.

C. Odd-Even Decoupling
Some of the methods just mentioned can produce oscillatory so-

lutions for pressureand velocity.Arti� cial viscosityon all variables
can prevent the growth of oscillations but introduces errors in the
solution.As an alternative,upwind schemessuppressoscillationsby
the use of noncentered computational stencils. Here, higher-order
formulations are required to reduce the amount of numerical dissi-
pation. If the upwind formulation is applied only to the convective
terms and does not include the pressure gradient, the pressure can
still exhibit oscillatory solutions as reported by Rhie and Chow.25

The staggered grid is a remedy used to avoid these pressureoscilla-
tions. Peric et al.26 presenteda comparisonbetween a staggeredand
a collocated arrangement. They � nd little differences in accuracy
or convergence of the two formulations. However, they prefer the
collocated arrangement, as the treatment of the geometry and the
boundary conditions as well as the implementation of higher-order
differencing schemes become simpler. Rhie and Chow25 published
a method denoted momentum interpolation. In this method a spe-
cial interpolationprocedure for evaluating the � uxes at cell faces is
used to avoid the nonphysicaloscillations.Majumdar et al.27 use this
method in combination with an upwind method for the velocity. A
promisingapproachhas beenpresentedby Hayase et al.28 They con-
struct a consistent variant of the QUICK scheme using a third-order
upwind formulation for the momentum equations. The pressure is
computed on a staggered grid using the SIMPLER method. Yoon
and Kwak29 proposed a � ux-limited dissipation model with scalar
coef� cients. This model is a practical alternativeto the more expen-
sive upwind schemes. Tafti30 uses a third-order forward-biased (or
backward-biased) operator for the pressure gradienton a collocated
grid. The same operator is used also to express the Laplacian in the
pressure equation.

D. Present Method
The PNS and PPNS equations for a steady incompressible � ow

were chosen as governingequations.The complete cross section of
the channel is solved, and the no-slip condition for velocity is en-
forced at the wall. A � nite difference formulation and a collocated
variable arrangementon a structuredgrid are chosen.This allows an
ef� cient clusteringof grid points in regionsof large gradientsat the
walls. The effect of turbulenceis modeled with the simple algebraic
Baldwin–Lomax31 turbulencemodel. The resultspresentedhere are
obtained with two different but related methods. The single-pass
method (SPM) and the multiple-passmethod (MPM) differ primar-
ily in the treatment of the pressure gradient term in the main � ow
direction. For the formulation of the SPM, the concept of Briley8 is
used, employingan approximationfor the streamwise pressuregra-
dient. The MPM does not use an approximation of the streamwise
pressure gradient. This method performs repeated passes through
the spatial domain improving the three-dimensional pressure � eld
with every pass.

For the solution of a cross� ow surface, a new scheme termed ar-
ti� cial pressure diffusion (APD) is presented to drive the solution
from an initial guess to the steady state. The continuity equation
is modi� ed in the spirit of a Poisson equation for the pressure cor-
rections. As only a time derivative of the Laplacian of the pressure
is added, the steady-state result is not affected by the modi� cation.
The � fth-order upwind formulation used by Rogers and Kwak15

is used to avoid odd-even decoupling without introducing exces-
sive dissipation. The upwind scheme includes the convective and
the pressure-gradientterms as well as the continuity equation. The
APD method can solve the governing equations as a coupled or a
segregatedprocedure.In the segregatedapproacha Poissonequation
is used to compute the pressurecorrections,similar to the SIMPLEC
method. In the coupledapproachthe couplingof continuityand mo-
mentumequationsis automaticallyachievedby the implicit solution
procedure.As the same spatialdiscretizationis used for the coupled
and the segregated procedure, they converge to the same solution
up to machine accuracy.

II. Numerical Method
The continuity and momentum equations are written in terms of

nondimensional variables, using a reference length l0, velocity v0,
density q 0, and kinematic viscosity m 0.
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divv = 0 (1)

v ¢ gradv = ¡ grad p + (1/Re) div{m [gradv + (gradv)T ]} (2)

The Reynolds number is formed with these reference values as
Re = v0l0 / m 0 . The static pressure is divided by v2

0 q 0 and henceforth
referred to as pressure p. In Cartesian coordinates the nondimen-
sional velocity v has components u, v , w . For laminar � ows the
nondimensional kinematic viscosity m equals unity. For turbulent
� ows the dependentvariables represent the mean values of the � ow,
and the effect of turbulence is modeled as an eddy viscosity m t us-
ing the algebraic turbulence model of Baldwin and Lomax.31 The
model modi� cationused to computethree-dimensionalcorner � ows
is given by Scholtysik.32

A coordinate transformation is introduced as described by
Anderson et al.5 (pp. 252–255 and 430–433). The Cartesian coor-
dinates (x , y, z) in the physicaldomain are transformedto the com-
putational domain by a transformation of the form n = n (x , y, z),
g = g (x , y, z), f = f (x , y, z). The metrics and the Jacobian deter-
minant of the transformation are formed as

n x = J (yg z f ¡ y f z g ), g x = ¡ J (yn z f ¡ y f z n )

f x = J (yn z g ¡ yg z n )

n y = ¡ J (x g z f ¡ x f z g ), g y = J (x n z f ¡ x f z n )

f y = ¡ J (x n z g ¡ x g z n )

n z = J (x g yf ¡ x f yg ), g z = ¡ J (x n y f ¡ x f yn )

f z = J (x n yg ¡ x g yn ) (3)

J ¡ 1 = x n (yg z f ¡ y f z g ) ¡ xg (yn z f ¡ yf z n ) + x f (yn z g ¡ yg z n ) (4)

The terms x n , x g , etc., are computed from the coordinates of the
grid points with an averagingprocedure introducedby Pulliam and
Steger33 to ensure freestreampreservation.The contravariantveloc-
ity components are

Uc = u n x + v n y + w n z , Vc = u g x + v g y + w g z

Wc = u f x + v f y + w f z (5)

The continuity and momentum equations can be written in diver-
gence form as one system of equations introducing the convective,
pressure, and viscous � uxes

@E
@n

+
@F
@g

+
@G
@f

= 0,

E = Ec + Ep ¡ Ev

F = Fc + Fp ¡ Fv

G = Gc + Gp ¡ Gv

(6)

Ec = (Uc / J )[1, u, v , w]T , Fc = (Vc / J )[1, u, v , w]T

Gc = (Wc / J )[1, u, v , w]T (7)

Ep = ( p / J )[0, n x , n y , n z]T , Fp = ( p / J )[0, g x , g y , g z]T

Gp = ( p / J )[0, f x , f y , f z]T (8)

Fv =
1

ReJ
g x

0

s x x

s yx

s zx

+ g y

0

s x y

s yy

s zy

+ g z

0

s xz

s yz

s zz

Gv =
1

ReJ
f x

0

s x x

s yx

s zx

+ f y

0

s x y

s yy

s zy

+ f z

0

s xz

s yz

s zz

(9)

with the nondimensional viscous stress tensor s = m [gradv +
(gradv)T ], as for example given by Anderson et al.5 (p. 186). The
PPNS equationsareobtainedby neglectingtheviscous� ux Ev in the

marchingdirectionand by neglectingall n derivativesin the viscous
stress tensor. The vector of the unknown is Q = [p, u, v , w ]T .

A. SPM
Spatial marching is possible if no information is allowed to prop-

agate against the marching direction, which is ensured by two
approximations—one on the viscous terms as just introduced for
the PPNS equations and one on the pressure. The pressure is split
into three parts as proposed by Briley8:

p = pcl( n ) + pv ( n , g , f ) + pi ( n , g , f ) (10)

where pcl( n ) is the pressure on the centerline. The part pv ( n , g , f )
is the pressure from viscous effects. It is computed from the local
divergenceof the velocity and acts only in the cross� ow directions.
The part pv of the pressure is computed independently for every
cross� ow surface, and the viscous part of the streamwise pressure
gradient @pv / @n is neglected. The part pi ( n , g , f ) is the pressure
from inviscid or elliptic effects. It has to be prescribed, e.g., as the
potential solution, and cannot be computed as part of the marching
solution.

The solution for a cross� ow surface is obtained with an iteration
in two steps. In the � rst step the velocity v, the viscous pressure pv ,
and the volume � ow ÇV in the channel are computed for a cross� ow
surface, using the pressure gradient on the centerline @pcl / @n of
the preceding iteration. In the second step @pcl / @n is adjusted to
establisha constantvolume� owin thechannel.To derivean iterative
correction procedure for @pcl / @n , a streamline of an inviscid � ow
is considered. Bernoulli’s law is linearized for small changes in
velocity, giving a relation between pressure and velocity changes
on the streamline as dp ¼ ¡ ūCS du. The pressure gradient on the
centerline @pcl / @n at the new iteration level n + 1 is adjusted in
order to compensate for the remaining error in the volume � ow as

dpcl

dn

n + 1

=
dpcl

dn

n

+ ūCS
( ÇV n ¡ ÇV j inlet)

ACS
(11)

where ūCS is taken as the average velocity on the cross� ow surface
and ACS denotes its area.

B. MPM
The viscous diffusion in the marching direction is neglected, al-

though all terms of the three-dimensionalNavier–Stokes equations
could be retained in principle. No approximation is introduced for
the pressure-gradientterm, and the pressure is not split. The down-
wind pressureis taken from the previoussweep throughthe domain.
This requires the storage of the entire three-dimensional pressure
� eld. To stabilize the entire procedure, only a part of the computed
changes is added to the preceding solution.The fastest convergence
of the overall method is observed when the domain is swept alter-
nately in the streamwise and upstream direction, once carrying the
in� ow informationdown to the end of the channeland once carrying
the pressureinformationtoward the inlet. For an upstreamsweep the
velocity in front of the cross� ow surface has to be known, requiring
the storage of the entire three-dimensionalvelocity � eld.

C. APD
The solution process of one cross� ow surface (SPM and MPM)

can be interpreted as the solution of the full two-dimensional
Navier–Stokes equations with source terms made up by the deriva-
tives in the marching direction. A new scheme for the solution
of the incompressible Navier–Stokes equations, which combines
the upwind model of Rogers and Kwak15 with the concept of a
pressure-correctionequation, is presented here. The time derivative
of a Laplacian operator of the pressure is added in the continuity
equation (1)

¡ (FAPD dt )
@( r 2 p)

@t
+ divv = 0 (12)

This leads to a desired diffusivity in solution process (APD). In
the steady state the time derivative vanishes, and the unmodi� ed
continuity equation is solved up to machine accuracy. In a similar
way as Chorin’s arti� cial compressibility method generalizes the
penaltymethod, the APD methodmay be viewed as a generalization



1606 SCHOLTYSIK, MÜLLER, AND FANNELØP

of theansatz ¡ e r 2 p + divv =0 used by Rannacher.34 Two different
variantsare describedhere: the � rst followinga segregatedapproach
and the other a fully coupled one. In both methods the change of
pressure over one time (or iteration) step can be expressed as p 0

¡ FAPD r 2 p 0 + divv = 0 (13)

In the segregated approach p 0 is computed from the pressure cor-
rection equation, and in the coupled approach p 0 is the change of
pressureover one iteration step (d p). The coef� cient FAPD is chosen
differently for the segregated and the coupled approach. The char-
acteristicsof both methods are summarizedhere. For the segregated
approach these are the characteristics:

1) The Poisson term is needed to couple the continuity and mo-
mentum equations.

2) FAPD =dt .
3) The velocity at the new time level is divergence free in the

discrete sense.
4) A correctivevelocity u 0 is computed from the pressure correc-

tions p 0 .
5) divv is evaluated at the old level n.
For the coupled approach these are the characteristics:
1) The Poisson term acts as an arti� cial dissipation and relaxes

the incompressibilityconstraint.
2) FAPD = constant.
3) The velocity at the new time level is not divergence free (for

nonzero FAPD).
4) All changes (d Q) are computed by the implicit scheme. Addi-

tional corrections u 0 to the velocity are not required.
5) divv is evaluated at the new level n + 1.

D. Segregated Approach
In the segregated approach the continuity and momentum equa-

tions are solved iteratively in two steps. In the � rst step only the
momentum equations are advanced with an explicit time-stepping
procedure without considering the continuity equation. Therefore,
the continuity equation is not satis� ed at the end of this step unless
the steady state is reached. In a second step correctivepressure and
velocity � elds are computed to satisfy the continuity equation. The
unsteady form of the momentum equations is used to formulate a
time-marching procedure

@v

@t
= ¡ grad p ¡ v ¢ gradv +

1
Re

div{m [gradv + (gradv)T ]} (14)

The � ow variables v, p, and m are split into provisional quantities
computed in the � rst step (superscript ¤ ) and corrective quantities
in the second step (superscript 0 ). At the new time level the � ow
variables are vn + 1 = v ¤ + v 0 , pn + 1 = p ¤ + p 0 , and m n + 1 = m ¤ + m 0 .
The unmodi� ed continuity equation becomes divvn + 1 =divv ¤ +
divv 0 = 0. The right-hand side of the momentum equation is eval-
uated at the old time level n, and the provisional values v ¤ are
computed with an explicit Euler discretization of the time deriva-
tive @v/ @t = (v ¤ ¡ vn) / dt. The resulting explicit scheme can easily
be solved for v ¤ , but the time-step limitation prevents a fast overall
convergencein regions of small grid spacings. The ef� ciency of the
method can be improved with an iterative residual smoothing.

In the secondstep a correctivevelocity� eld v 0 is computedso that
the � nal velocityvn + 1 satis� es the continuityequation.Droppingall
but two terms in the correctivepart of the momentum equation leads
to a relationbetweenthecorrectivevelocityand thecorrectivepartof
the pressure @v 0 / @t = ¡ grad p 0 . With the time derivativediscretized
as an explicitEuler scheme,v 0 = ¡ dt grad p 0 is obtained.Taking the
divergence of this equation and substituting divv 0 by ¡ dt r 2 p 0 in
the continuityequationdivv ¤ + divv 0 = 0 results in divv ¤ = dt r 2 p 0

for a constant time step dt. The velocity at the old time level vn can
be used instead of the provisional velocity v ¤ without substantially
reducing the overall speed of convergence

divvn = dt r 2 p 0 (15)

This equation is often called the pressure-correctionequation. Once
this equation is solved for p 0 , the corrective values of the velocity
are v 0 = ¡ dt grad p 0 . With the expressions

L̂ g i, j
= (1/ J ) g 2

x + g 2
y + g 2

z i, j
L̂ f

i, j
= (1/ J ) f 2

x + f 2
y + f 2

z i, j

(16)

a second-orderaccurate central approximationof the Laplace oper-
ator on an orthogonalgrid is formed. The pressure-correctionequa-
tion in semidiscretized form is given by

(1/ J ) div vn = Lsi ¡ 1, j p 0
i ¡ 1, j + Lsi, j ¡ 1 p 0

i, j ¡ 1

+ Lsi + 1, j p 0
i + 1, j + Lsi, j + 1 p 0

i, j + 1 ¡ Lsi, j p 0
i, j (17)

Lsi §1, j = 1
2 (dt L̂ g )

i, j
+ (dt L̂ g )

i § 1, j
(18)

Lsi, j §1 = 1
2 (dt L̂ f )

i, j
+ (dt L̂ f )

i, j § 1
(19)

Lsi, j = Lsi ¡ 1, j + Lsi + 1, j + Lsi, j ¡ 1 + Lsi, j + 1 (20)

The pressure-correctionequation does not have to be solved up to
machine accuracy at every time step; a few sweeps forward and
backward through the domain are enough. The scheme in this form
is very similar to the SIMPLE7 and SIMPLEC20 schemes. In the
present new approach the pressuregradient in the momentum equa-
tions and the divergence operator in the continuity are included in
the upwind scheme.

E. Fully Coupled Approach
In the fully coupled approach the continuity and the momen-

tum equations are solved together as one system of equations with
an implicit solution algorithm. To improve the properties of the
resulting linear system of equations, the time derivatives of the
unsteady form of the momentum equations are added to the sys-
tem. This gives rise to an additional term @QAPD / @t with QAPD =
(1/ J )[ ¡ FAPD dt r 2 p, u, v , w ]T . For the coupledapproach the coef-
� cient FAPD is set to a constant. It can be chosen to control stability
and convergence of the method. Large values of FAPD enhance the
stability of the solution procedurebut slow down convergence.Nu-
merical experimentssuggest the range of values 0.1 ¸ FAPD ¸ 0. On
writing the right-hand side R(Q)

R(Q) = ¡
@(Ec + Ep )

@n
+

@(Fc + Fp ¡ Fv )

@g
+

@(Gc + Gp ¡ Gv )

@f

(21)

the system of equations S(Q) can be written as S(Q) =
@QAPD / @t ¡ R(Q) =0, where Q is the vector of the � ow variables.
The solution at the new iteration level Qn + 1 is the solution at the
old iteration level plus the corrective values Qn + 1 =Qn + d Q. To
� nd the solution at the new iteration level, the system S(Qn + 1) = 0
is linearized around Qn to yield

JS (Qn) d Q = R(Qn) (22)

with the Jacobian matrix JS(Q) of the system S(Q)

JS (Qn) =
1

dt

@QAPD

@Q
¡

@R(Qn )

@Q
(23)

Equation (22) is a linear system in d Q, and it can be solved with
a large variety of methods available for linear systems. Repeated
iteration is required to � nd the steady-state solution of Eq. (22) as
the momentumequationsare nonlinear.For all pointsof a structured
grid in the computationaldomain, the Jacobianmatrix JS of the sys-
tem (22)hasa bandedstructure.As approximationsused to construct
the matrix JS do not in� uence the steady-state result, the convec-
tive terms are approximated with one-sided � rst-order differences.
The viscous and Poisson terms are approximatedwith second-order
central differences.With this discretizationonly neighboringpoints
give a contribution,and JS is of block penta-diagonalstructure.The
third dimension does not give additional elements in matrix JS , as
only one two-dimensional surface is solved at the time:

JS = JS j i, j ¡ 1 , 0 . . . 0, JS j i ¡ 1, j , JS j i, j , JS j i + 1, j , 0 . . . 0, JS j i, j + 1

(24)
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The blocks on the diagonals of JS are, e.g.,

JS j i ¡ 1, j =
1

dt

@QAPD j i, j

@Qi ¡ 1, j
¡

@Ri, j

@Qi ¡ 1, j
(25)

The lengthyexpressionsfor JS are given by Rogers and Kwak15 and
Scholtysik.32 Arti� cial compressibility can easily be introduced in
the present formulation to increase the diagonal dominance of the
system. In addition, the velocitychangescan be smoothedby taking
a higher viscosity in the viscous contribution to JS .

Following Yoon and Jameson35 and Yoon and Kwak,29 the matrix
JS can be approximated as

JS = L ¡ D + U ¼ LD ¡ 1U (26)

where L is the lower triangular part of JS including the diagonal, D
is the diagonalof JS , and U is the upper triangularpart including the
diagonal.An importantaspect of this splitting is that the elements in
L, D, and U are the same as in the originalmatrix JS and no decom-
position into L and U is needed.Equation (22) can be approximated
as

LD ¡ 1U d Q = R (27)

The system (27) can be solved in three steps:

d Q ¤ = L ¡ 1R, d Q ¤ ¤ = D d Q ¤ , d Q = U ¡ 1 d Q ¤ ¤ (28)

This involves the inversion of two triangular matrices, i.e., simple
forward and backward substitutions, respectively, and a multipli-
cation of a diagonal matrix with a vector. The algorithm is fully
vectorizable along lines i + j = constant.

The splitting can be based either on blocks or on single matrix
elements as proposed by Küffer.36 For the splitting based on ele-
ments, the matrix D is a diagonal matrix with single elements as
diagonal entries. If the splitting is based on blocks, the inversion of
the matrix D involves the inversion of 4 £ 4 blocks on the diago-
nal of D, unless the approximate form of the split Jacobian A§ is
used.FollowingYoon et al.,35 A§ can be approximatedalternatively
as A§ ¼ 1

2
(A § ˆq AI) with ˆq A = j max( j k A j ), where ˆq A is the spec-

tral radius of the matrix A times a constant j , I is a 4 £ 4 identity
matrix, and k A the eigenvalues as used in the upwind scheme. To
compensate the factorizationerrormade in the approximationof the
Jacobian matrix JS [Eq. (26)], the lower-upper symmetric-Gauss–
Seidel solvercan be repeatediteratively.Two to eight iterationshave
shown to work well. Underrelaxation can be used to stabilize the
iterationby applyingonly a fraction x of the computedvalues d Q to
update the solution. Numerical experiments suggest x to be around
0.8 for a fast and robust convergence.

F. Discretization of Inviscid Terms
Inviscid Terms in the Main Flow Direction

The discretization of the inviscid terms in the main � ow direc-
tion is done with one-sided operators to ensure a stable marching
scheme.The convective� ux in the main � ow directionis discretized
as (@Ec / @n ) j k ¼ Ec j k + 1/ 2 ¡ Ec j k ¡ 1/ 2 with the velocity taken from a
forward extrapolation uk + 1/ 2 = uk + 1

2
(uk ¡ uk ¡ 1), where k is the

index of the cross� ow surfaces.
In the SPM the pressure � ux in the main � ow direction

is @Ep / @n = @pcl / @n (1/ J ) [0 n x n y n z]T , with @pcl / @n determined
during the solution process. In the MPM the pressure � ux is
discretized in the same manner as the convective � uxes (@Ep /
@n ) j k ¼ Ep j k + 1/2 ¡ Ep j k ¡ 1/ 2 but with the pressure known from a
backward extrapolation pk + 1/ 2 = pk + 1 ¡ 1

2 ( pk + 2 ¡ pk + 1).

Upwind Scheme in the Cross� ow Directions
The inviscid � uxes in the cross� ow directions are approxi-

mated for each coordinate direction separately as proposed by
Rogers and Kwak.15 The scheme is described here only brie� y
for one coordinate direction. An analogous formulation is used
for the other cross� ow direction. With f = Fc + Fp the derivative
of the convective and pressure � uxes at the location i is dis-
cretized as @f / @g j i ¼ ( f̂ i + 1/2 ¡ f̂ i ¡ 1/ 2) /dg with f̂ i + 1/ 2 = 1

2 ( fi +
fi + 1 + U i + 1/2). The � ux-difference splitting technique is used to

derive an upwind scheme. The Jacobian matrix A = @f / @Q is split
into two parts according to the sign of its eigenvalues k 1 to k 4

A§ = (1/ J ) XA K §
A X ¡ 1

A

K A = diag(Vc, Vc, Vc + CA , Vc ¡ CA) (29)

K §
A = 1

2 ( K A § j K A j ), CA = V 2
c + g 2

x + g 2
y + g 2

z (30)

The expressions for the Jacobian matrix A, its split form A§ , and
its right and left eigenvectors XA and X ¡ 1

A are given in Rogers and
Kwak15 and adaptedto thepresentformulationin Scholtysik.32 With
D Qi + 1/2 =Qi + 1 ¡ Qi and the matrices A§ , the � ux differencesare
split into D f §

i + 1/2 = A§
i + 1/2 D Qi + 1/ 2 . The dissipationterm U i + 1/2 is

constructedwith D f § , yieldinga schemeof � rst, third,or � fthorder.
The � fth-order scheme is given by

U i + 1
2

= 1
30 ¡ 2 D f +

i ¡ 3
2

+ 11D f +
i ¡ 1

2
¡ 6D f +

i + 1
2

¡ 3 D f +
i + 3

2

+ 2 D f ¡
i + 5

2
¡ 11D f ¡

i + 3
2

+ 6 D f ¡
i + 1

2
+ 3D f ¡

i ¡ 1
2

(31)

G. Local Time Steps
Viscous and inviscid terms pose different restrictionson the time

step of an explicit Euler time discretization.The more severe deter-
mines the time step dt = min(dtvis , dtinv), where

dtvis · (Re/2 m ) g 2
x + g 2

y + g 2
z + f 2

x + f 2
y + f 2

z

¡ 1
(32)

and the inviscid time step is estimated with the help of the spectral
radius from the upwind model as

dtinv · 2 ( j Uc j + CC )2 + ( j Vc j + CA)2 + ( j Wc j + CB )2 ¡ 1
2 (33)

This formulation of the inviscid time step does not produce in� -
nite values of dtinv at points of vanishing velocity. As only the � nal
steady-statesolution is required and not the transient evolution,dif-
ferent time steps can be used for different points of a cross� ow
surface to speed up convergence.

H. Boundary Conditions
At the in� ow boundary of the channel, velocity pro� les of all

three components have to be speci� ed, but no pressure information
is needed.At the exit plane of the channel, only the MPM requires a
pressure distribution. It is taken from a previous single-pass sweep
through the domain.

On solid walls v = 0, and a zero pressure gradient normal to the
wall surface is imposed. Here, the pressure gradient is discretized
with the standard � nite difference operator of second-order accu-
racy. A modi� ed divergence operator has to be used next to the
boundary because of the restrictions imposed by the divergence
theorem. For any regular vector � eld v̂ it is

SCV

v̂ ¢ n dS =

VCV

div v̂ dV (34)

where SCV is the boundary of an arbitrary volume VCV and n the
outerunit normalon the surface SCV. Disregardingthis conditioncan
lead to nonconvergence of the pressure-correctionequation in the
segregatedapproach.Figure 2 shows the regulardivergenceoperator
for inner grid points and a modi� ed operator at the boundary.

In the discretized form of Eq. (34), the integral of the divergence
in VCV equals the � ux over the surface ŜCV, marked with the dotted
line in Fig. 2, and not the � ux over the original domain SCV, marked

Fig. 2 Divergence operator at the boundary.
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with the solid line.To use the known velocitiesat theoriginalbound-
ary SCV , a modi� cation of the divergence operator is introduced as
@f / @g = 2

3
( f̂i + 1 ¡ f̂i ¡ 1/ 2). At interior points the quantities f and

f̂ are de� ned by the upwind scheme. The � ux f̂i + 1 at the boundary
is obtained from local quantities at i + 1 only. If the speci� ed nor-
mal velocity at the boundary satis� es SCV

v̂ ¢ n dS = 0, the solution
will be divergencefree in the discrete sense at all interior points. As
the velocity at the new iteration step vn + 1 is known, the corrective
velocity v 0 is zero on the boundary,and the normal derivativeof the
correctivepressure is @p 0 / @n = 0.

III. Veri� cation
A. Test Cases for the Two-Dimensional Navier–Stokes Equations

The capabilities of the code to solve the incompressible two-
dimensional Navier–Stokes equations are tested on the two-
dimensional driven cavity at Reynolds numbers of 100, 1000, and
1.0 £ 104 . The velocity is zero on all four sides of the physical do-
main, except on the upper wall where the tangential component v is
set to 1.0. The � ow is assumed to be laminar. All results presented
here are obtained with the � fth-order upwind biased scheme, as it
is found to be superior to the third-order scheme, in particular for
the case Re =1.0 £ 104. Ghia et al.37 published a detailedcomputa-
tional investigation of the two-dimensional driven-cavity problem.
They use a stream-functionvorticity method on uniform grids with
up to 257 £ 257 points. The results for the three Reynolds num-
bers are plotted in Fig. 3. Although the cases Re =100 and 1000
were computed with considerably fewer grid points than those of
Ghia et al.,37 very good agreement is obtained for both. The case
Re =1.0 £ 104 shows small deviations from the reference solution.
With the same number of grid points but employing grid clustering,
the present method results in slightly higher velocities than the ref-
erence, indicatingless overall numerical dissipation.A summary of
important computational parameters is given in Table 1.

The convergencehistory in the case Re =1000 is shown in Fig. 4.
The executiontime refers to a Cray-J90 computerwith a singleCPU
(240 s corresponds to 1000 implicit iterations). The solid line is
obtainedwith the computationalparameters as given in Table 1, and
the dashed line indicates a reference computation obtained without
arti� cial pressure-diffusionterms (FAPD =0.0, j = 1.0). A uniform

Fig. 3 Velocity pro� les on dashed line through the center of the cavity.

and slightly faster convergence is obtained using the APD terms.
Lower valuesof j usuallyresultedin faster convergencebut alsohad
a destabilizingeffect on the computations.For j < 1.0 convergence
could not be achieved without APD terms. The dotted line in Fig. 4
was obtained with a relatively large value of FAPD =0.01 and j as
low as 0.5 to demonstrate the stabilizing effect of the APD terms.
The excellentresultsobtainedfor the driven-cavitytest case con� rm
the accuracy of the present method and its validity for nonuniform
grids.

B. Grid-Re� nement Test
The accuracy of the present scheme is veri� ed by a grid-

re� nement test. The driven cavity at Re = 100 with a uniform grid
spacing and with the same mesh size in both directions is used
as a test case. The component of the velocity w at the location

Table 1 Computationalparameters for driven cavity

Reynolds Grid stretching
number Grid ( D ymax /D ymin ) FAPD Implicit scheme

100 33 £ 33 3.0 0.01 Blocks, j = 0.4
1000 63 £ 63 10.0 0.003 Blocks, j = 0.7
1.0 £ 104 127 £ 127 10.0 0.001 Blocks, j = 1.0

Fig. 4 Convergence his-
tory for Re = 1000.
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y = 0.25, z = 0.5 is taken as reference value w ref . The values ob-
tained on grids of 17, 33, 65, 129, and 257 grid points (in both direc-
tions) are compared to the value (wref0 ) obtained from a Richardson
extrapolation of the computed values. The reduction of the error
j wref ¡ wref0 j / wref0 is shown in Fig. 5. The dashed line in Fig. 5
corresponds to the reduction rate of a second-order scheme. The
results con� rm the expected second-order accuracy of the scheme
proposedhere as the viscous terms are discretizedwith a scheme of
second-order accuracy.

C. Test Cases for the Three-Dimensional Reduced
Navier–Stokes Equations

The PNS code is testedon the laminar developing� ow in a curved
square channel of constant cross section for two different Reynolds
and Dean numbers. The geometry of this test case is sketched in
Fig. 6. The Reynolds number is formed with the hydraulic diameter
l0 of thechannel,the viscosity m , and the inlet velocityUcs . The Dean
number is de� ned as De =Re

p
(l0 / Rc), where Rc is the curvature

of the channel. The velocities are shown in terms of the scaled
contravariant velocity de� ned as

Fig. 5 Grid-re� nement test.

Fig. 6 Geometry of curved square channel with constant cross section.

Fig. 7 Centerline pressure and fully developed velocity component in main � ow direction (Re = 206, De = 55).

Ucs = Uc n 2
x + n 2

y + n 2
z , Vcs = Vc g 2

x + g 2
y + g 2

z

Wcs = Wc f 2
x + f 2

y + f 2
z (35)

Starting from a uniform inlet velocity Ucs = 1.0, a peaked velocity
pro� le developsin the main � ow directiontogetherwith a secondary
cross� ow pattern caused by the viscous interaction with the walls
and the curvatureof the channel.Downstreamof the entrance region
of the channel, the � ow reaches an equilibrium state and does not
change any more. Here, the pressure changes only by a constant
from one cross� ow surface to the next, and the PNS equations are
no longeran approximationbut exact.Ghia and Sokhey38 computed
this � ow for various Reynolds and Dean numbers solving the PNS
equations.The low resolution of 21 £ 21 grid points on a cross� ow
surface and 301 points in the main � ow direction used in their work
is adopted here.

The case Re = 206, De =55 shows only one pair of vortices in
the cross� ow. The velocity component in the main � ow direction
Ucs is shown in Fig. 7 for the fully developed state at a > 110 deg.
The pressure drop on the centerline is compared to the results of
Ghia et al.38 The present results agree quite well with results of
Ghia et al.38 and those of Aslan.10 A vector plot of the cross� ow
and a cut at g =0.6 (dashed line) are shown in Fig. 8.

An additionalpair of vortices � rst appears at De =143 according
to Ghia et al.38 Figure 9 shows a vector plot of the cross� ow and a
pro� le of Vcs on the line g = 0.8 (dashed line) for the case Re =858.
The present results con� rm the � rst appearance of a second pair of
vorticesat De = 143 thatdemonstratestheminordissipativeeffectof
the higher-order upwind formulation. These two test cases con� rm
the abilityof the SPM to predictdevelopingthree-dimensional� ows
in slender channels.

IV. BLC
The test section of the BLC is shown in Fig. 1. It is 3 m long and

has a � at � oor. The rectangular cross sections change from 0.8 m
width and 0.25 m height at the right end to 0.4 m width and 0.5 m
height at the left end, while the cross section area stays constant.
The channel shape corresponds to a stream surface of an analyti-
cal potential solution.1, 2 The two-dimensional reference channel is
3.0 m long and 0.8 m wide. The heights of its rectangular cross sec-
tions increase linearly from 0.25 to 0.265 m to compensate for the
displacementeffect of the boundary layer.The results obtainedwith
the present method for the turbulent � ow in the BLC are compared
with measurements,1, 2 resultsof a boundary-layermethod,39– 41 and
results of a compressible thin-layerNavier–Stokes method.42, 43 For
the presentation of the results, the Cartesian coordinate system
x , y, z is used as in the work of Pompeo.1 The x axis is oriented
alongthe line of symmetrywith x = 0 at the locationof the � rst mea-
surements and y the distance from the channel � oor. The reference
quantities are l0 =1 m, v0 =42.8 m/s, and m 0 =1.711 £ 10 ¡ 5 m2/s,
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Fig. 8 Vector plot and pro� le of Vcs(Re = 206, De = 55).

Fig. 9 Vector plot and pro� le of Vcs(Re = 858, De = 143).

Fig. 10 Momentum thickness along the line of symmetry.

yielding Re =2.5 £ 106. The turbulence model of Baldwin and
Lomax31 was used in the present computations and in the refer-
ence computations of Müller.42 The coef� cient CCp of the turbu-
lence model was changed to 1.2 in the computationsas proposedby
Weisshaar and Reister44 for incompressible � ows. Bettelini et al.41

use the very similar turbulence model of Cebeci and Smith.45

A. Present Method
The in� ow boundary conditions were generated with a previous

run of the SPM computing a developing,turbulent � ow in a straight
channel of the same cross section as the nozzle of the BLC. The
computation of this virtual channel was stopped when the com-

puted values of the displacement thickness matched the measured
quantities. The solution at this position was taken as in� ow bound-
ary conditions for the BLC. The ratio of largest to the smallest grid
spacing is set to 1600 to keep the � rst grid point next to the wall
at y+ ¼ 1. This results in a rather coarse grid in the inviscid core
region of the channel although31 £ 100 £ 80 grid points are used in
x , y, and z directionsfor one-halfof the channel.The computational
parameters FAPD and j were set to 0.0003 and 1.1, respectively.A
� nite time step is not needed to stabilize the implicit system for the
applied fully coupled approach. The FLARE46 approximation had
to be used for the case 3Dc, as the streamwise velocity is very low
in the upper corners near x =1.0. A thin separationbubble was also
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Fig. 11 Streamwise velocity pro� les on line of symmetry at x = 2:0.

Fig. 12 Reynolds-stress pro� les at x = 2:0.

Fig. 13 Cross� ow pro� les at x = 1:0.
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found by Müller42 in this region. Starting with a SPM solution, the
MPM needs about 20 iterations for the residual to drop four orders
of magnitude on the chosen grid. The pressure � eld of the potential
� ow in the nozzle is obtained from the analytical potential solution
as given in Pompeo1 and Pompeo et al.2

B. Boundary-Layer Method
This � nite difference method described by Bettelini and

Fanneløp40 solves the incompressible, � rst-order boundary-layer
equations in three dimensions written in terms of streamline co-
ordinates. A grid with 300 £ 150 £ 27 grid points in the x , y, and
z directions is used. In comparison with the present and the com-
pressible Navier–Stokes computations, the boundary-layermethod
allows the best resolution of the � oor boundary layer, but the rest
of the � ow cannot be computed.The case 3Dc shows an unphysical
growth of the boundary-layer thicknesses because of a singularity
causedby theboundary-layerassumptionsfor � ows with convergent
external streamlines as identi� ed by Thomann.3 Small changes in
the boundaryconditions can lead to large differencesin the solution
as shown by Refs. 4, 47, and 48.

C. Compressible Thin-Layer Navier–Stokes Method
Müller42 uses an implicit second-order upwind � nite volume

method to solve the compressible Reynolds-averaged thin-layer
Navier–Stokes equations on a structured grid. The viscous terms
involving streamwise derivatives are neglected.The inviscid � uxes
are discretizedwith the total variationdiminishingschemeof Harten
and Yee. The ratio of speci� c heats of air is taken as 1.4, and the
(laminar) Prandtl number is assumed to be constant and equal to
0.72. The cases 3Dc and 3Dd are computed on a � ne grid with
97 £ 81 £ 50 grid points in x , y, z directions. A medium grid of
49 £ 41 £ 26 grid points is used for the case 2Dz. The � rst grid
points next to the � oor and roof are at y + ¼ 3.5 for the case 2Dz
and at y+ ¼ 1.5 for the cases 3Dc and 3Dd. As in� ow boundary
conditions the streamwise velocity in the turbulent boundary layers
can be approximatedby Coles pro� les using the experimental skin-
friction coef� cient and streamwise displacement thickness d 1 of the
� oor boundarylayer.For case 2Dz, c f =0.002953and d 1 =0.01692
are taken; for case 3Dc, c f = 0.003096 and d 1 = 0.01538 are taken;
and for case 3Dd c f =0.003 and d 1 =0.0164 are taken. In the invis-
cid core at x = 0, the streamwise velocity is constant.The cross� ow
velocities at x =0 can be set equal to zero.

D. ComputationalResults
Momentum Thickness Along the Line of Symmetry

Figure 10 shows the streamwise momentum thickness d 2 along
the line of symmetry for the cases 2Dz, 3Dc, and 3Dd. The dotted
line denotes the results obtained with the SPM, and the solid line
denotestheMPM results.Theyare comparedwith themeasurements
(diamondmarkers), with the boundary-layersolution ( £ markerson
broken line), and with the compressibleNavier–Stokes solution (+
markers on broken line). The case 2Dz shows good agreementof all
methods with the experiments.The SPM and the MPM give almost
identical results for the case 2Dz, although the computationaleffort
of the MPM is much higher. This demonstrates the potential of the
SPM to predict slender � ows ef� ciently.

The case 3Dd shows small discrepanciesof all methods in com-
parison with the measurements for d 2. However, the reduction of d 2

caused by the lateral divergence of the external streamlines is cap-
tured by all methods. The case 3Dc reveals larger differences be-
tween the solutions.The lateral convergenceof the external stream-
lines leads to an increase of d 2 . The SPM and MPM are able predict
this trend; d 2 is within 15% of the measurements.The MPM shows
better agreement than the SPM. The additional errors of the SPM
originate from the approximation of the pressure gradient in the
streamwise directionand lead to a less accuratepredictionof the in-
viscid core. The compressible Navier–Stokes solution shows good
agreement in most parts of the channel,whereas the boundary-layer
method fails to predict this case downstream of x =1.0.

Streamwise Velocity Pro� les on the Line of Symmetry
The velocity pro� les are presented in terms of streamline

and cross� ow components as in the work of Pompeo et al.2 as

Ustr =
p

(u2 + w2) cos( c ¡ c e) and Wstr =
p

(u2 + w2) sin( c ¡ c e),
with c as theanglebetween thevelocityvectorand the planeof sym-
metry. The angle c e and the velocity Ue at the boundary-layeredge
are used as reference quantities.The streamwise velocitypro� les in
the turbulent boundary layer above the � oor are shown in Fig. 11
for the location x =2.0 on the line of symmetry. For the cases 2Dz
and 3Dd the SPM and the MPM give almost identical results, very
close to the compressible Navier–Stokes solution. The computed
velocity pro� les show a lower velocity at the bottom and a higher
velocity in the upper regions of the boundary layer as compared to
the measurements. For the case 3Dc the discrepancies between the
computations and the measurements are more pronounced.

Turbulence Pro� les on the Line of Symmetry
The nondimensional Reynolds-stress component u 0 v 0 as mea-

sured by Pompeo1 is compared with the computed value ¡ m t du / dy
basedon the eddy-viscosityansatzu 0 v 0 = ¡ m t du / dy. The Reynolds-
stress pro� les at the location x = 2.0 are given in Fig. 12. The mark-
ers denote the experimentsof Pompeo. Both the SPM and the MPM
are in fair agreement with the measurements in the cases 2Dz and
3Dd. Large differences,up to a factor of two, are found for the case
3Dc where the Reynolds stress is overpredictedin the upper regions
of the boundary layer. However, the maximum value of j u 0 v 0 j in the
pro� le is predictedquite accurately.According to the measurements
and the computations,the Reynoldsstress close to the wall is higher
in the divergentcase and lower in the convergent case. The kinks at
the crossover distances, where the inner and outer eddy viscosities
intersect, can be avoided by a smooth blend39 instead of using min
{( m t )inner, ( m t )outer}.

Cross� ow Velocity Pro� les off the Symmetry Line
Figure 13 shows the cross� ow pro� les Wstr for the cases 3Dc and

3Dd at the location x =1.0 off the symmetry line at z =0.1. The
magnitude of the cross� ow velocity is only about 5% of the stream-
wise velocity. The cross� ow of the case 3Dc and of the case 3Dd
have different signs. The SPM and the MPM give almost identical
resultsvery similar to the compressibleNavier–Stokes results.In the
case 3Dc the cross� ow velocity is underpredictedby about 10%.

Grid Sensitivity of the Results
The accurate prediction of the turbulent quantities requires the

laminar sublayer to be resolved by several grid points. The grid
stretching is chosen to keep the � rst grid point at y + ¼ 1.0. Grid-
re� nement tests revealed a grid dependenceof the solution with the
resolutionpresentlychosen. Introducinga � ner grid spacingclose to
the wall changed the quantities at the wall by a few percent without
alteringthe characterof the solution.Four times as many grid points
in the x direction gave results almost identical with those obtained
with the original grid.

V. Conclusions
A space-marchingmethoddesignedto solve the reducedforms of

the three-dimensional steady Navier–Stokes equations for internal
incompressible � ows has been developed. For slender � ows the
SPM has shown to be very ef� cient in terms of computer memory
requirementsandexecutiontime. It producesaccuratesolutionsvery
close to the thin-layer Navier–Stokes solution at a fraction of the
effort. Compared to boundary-layer methods, the SPM computes
the � ow in the entire channel including the corners and not only
in a limited region of dependence. So-called departure solutions
or nonconvergence of the scheme have not been experienced with
the present method. For � ows with one predominant � ow direction
but signi� cant elliptic effects in the pressure � eld, the MPM can
improve the solution found by the SPM. Sweeping against the main
� ow direction speeds up the overall convergence considerably.The
SPM is at least � ve times faster than the MPM.

The new APD scheme is capable of solving the two-dimensional
incompressible steady Navier–Stokes equations as well as the re-
duced three-dimensional form. No source term is needed in the
continuity equation, and no staggered grid or additional pressure
and momentum interpolationare necessary to stabilize the solution.
Grid-scale oscillations of the dependent variables have not been
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observed with the present scheme. The computer memory require-
ments for the segregatedapproachare much lower than for the fully
coupled approach as the whole task is split into two computation-
ally independent operations. The additional dissipation introduced
by the Laplace operator contributes to stabilize the solution process
and speeds up convergence.Pressure waves sometimes observed in
arti� cial compressibility computations during the transient phase
should be damped to a certain extent. Existing arti� cial compress-
ibility codes can easily be extended to an APD method by the intro-
duction of the additional APD terms.

The code was developed in FORTRAN77 to run on a Cray-YMP
vector computer where it achieved an average speed of 160 M� ops.
On the parallel vector computer of Cray-J90 type, it showed the
expected speed up for up to four processors. The MPM allows an
alternative way of parallelization. The computational domain can
be divided into subdomains, located one behind the next. For each
subdomainthecodecanbe run independently.As only thedataat one
cross� ow surface have to be kept in memory for each subdomain,
the total amount of memory required is still moderate.

The new computerprogramwas testedagainstestablishednumer-
ical solutions,and excellentresultshavebeen achieved.The laminar
� ow in the two-dimensionaldriven square cavity at Reynolds num-
bers from 100 to 1.0 £ 104 shows very good agreement with other
computationsfound in the literature.The � fth-orderupwind scheme
is clearly superior to the low-order schemes often used in connec-
tion with the classical pressure-correctionschemes and constitutes
a good compromise between accuracy and robustness.

The cases 2Dz and 3Dd of the � ow in the BLC of the ETH
Zürich are predicted with reasonable accuracy, but the case of con-
vergent external streamlines 3Dc reveals some differencesbetween
the computations and the measurements, especially toward the end
of the nozzle. These differences are caused in large measure by the
simple algebraic turbulence model originally developed for two-
dimensional � ows. For the cases 2Dz and 3Dd the growth rate of
the momentum thickness is predicted accurately by all methods,
but the velocity in the streamwise direction is too high in the up-
per part of the boundary layer and too low in the lower part. The
absolute value of the Reynolds-stress component u 0 v 0 in the upper
part of the boundary layer is too low in the case 3Dd and much too
high in the case 3Dc. For the three-dimensional cases the inviscid
core of the � ow is predicted less accurately by the SPM than by
the MPM because of the approximation of the streamwise pressure
gradient.The BLC is designedto producea vanishingor small pres-
sure gradient in the streamwise directionalong the line of symmetry
on the � oor of the nozzle. However, the other locations in a given
crosssectionare exposedto importantpressuregradients,curvature,
and convergence/divergenceof the streamlines.Uncertainties intro-
duced by the turbulence model in these regions will in� uence the
external velocity and hence all results of the � oor boundary layer.
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